In this paper we introduce Ë È M , a category of SFP domains which provides very satisfactory domain-models, i.e. "partializations", of separable Stone spaces (2-Stone spaces). More specifically, Ë È M is a subcategory of Ë È ep , closed under direct limits as well as many constructors, such as lifting, sum, product and Plotkin powerdomain. Ë È M is "structurally well behaved", in the sense that the functor Å , which associates to each object of Ë È M the Stone space of its maximal elements, is compositional with respect to the constructors above, and ω-continuous. A correspondence can be established between these constructors over Ë È M and appropriate constructors on Stone spaces, whereby SFP domain-models of Stone spaces defined as solutions of a vast class of recursive equations in ¾-ËØÓÒ , can be obtained simply by solving the corresponding equations in Ë È M . Moreover any continuous function between two 2-Stone spaces can be extended to a continuous function between any two Ë È M domain-models of the original spaces. The category Ë È M does not include all the SFP's with a 2-Stone space of maximal elements (CSFP's). We show that the CSFP's can be characterized precisely as suitable retracts of Ë È M objects. Then the results proved for Ë È M easily extends to the wider category having CSFP's as objects.
Introduction
The problem of finding satisfactory "partializations" of topological spaces, arises in several areas of Mathematics and Computer Science, when dealing with computable approximations 1. the subspace of maximal elements of a partial order is a discrete topological space, and every discrete space can be viewed as such a subspace, for suitable partial orders;
2. the functor Å , which associates to each partial order the space of its maximal elements, is "compositional" with respect to many constructors, e.g. lifting´ µ , separated sum ·, product ¢ and Plotkin powerdomain P Pl ;
3. any function on maximal elements can be extended to a monotone function on the partial orders.
Thus, one can define compositionally domain-models of (at least) finite discrete topological spaces.
In this paper we show that what happens at finite level can be generalized to the ω-limit. In particular we introduce a suitable (non full) subcategory Ë È M of Ë È ep closed under direct limits as well as under the above mentioned constructors. The maximal space of every Ë È M object is a 2-Stone space and, conversely, every 2-Stone space can be viewed as the subspace it appears quite frequently in topology under different perspectives, e.g. as the Cantor-1 space, i.e. the union of Cantor's discontinuum, obtained by the standard middle third removal construction plus the centres of all the removed intervals. Abramsky in [2] defines his domain directly by picking the initial solution of an appropriate equation in Ë È ep . The same equation is used in [3] to define the domain Synchronization trees with divergence (over a single action). Mislove Moss and Oles, on the other hand, introduce their domain as the initial continuous set algebra [20] . Remarkably, these two domains arise as solutions of different domain equations in Ë È ep . The well-known fact that the solutions of such domain equations have homeomorphic maximal spaces comes also as an immediate application of the results in this paper. Actually, our results show that there is indeed a plethora of reflexive domain equations whose initial solutions have the hyperuniverse N ω as maximal space. There being so many different domain equations yielding domain-models for the finitary hypersets the natural question arises as to wether such domain-models are isomorphic. A special case of this question was formally raised in [20] concerning the two domains mentioned above. In this paper we show that such domains are not isomorphic and that, more generally, there exists an infinite number of non-isomorphic domain-models for the space of finitary hypersets. However, it is a matter of further investigation to find out if such domain-models have significant independent characterizations as those in [3, 20] .
Throughout the paper we use standard notation and basic facts of Domain Theory and Topology (see [22, 11, 4, 24] ). In Section 1 we give the basic definitions and we recall some useful properties of Stone spaces and SFP domains. In Section 2 we define the category Ë È M , providing two alternative characterization for its objects. In Section 3 we show that Ë È M is closed under direct limits as well as under a significant family of constructors. In Section 4 we establish a tight structural relation between Ë È M and the category of 2-Stone spaces, by introducing the functor Å . In Section 5 we discuss the problem of extending continuous functions between 2-Stone spaces to their Ë È M domain-models. In Section 6 we study the retracts of Ë È M objects, providing a characterization for the class of CSFP's. In Section 7 we study domain-models of finitary hypersets, focusing on those of [20] and [2, 3] . Final remarks appear in Section 8.
A preliminary version of this paper was presented at TAPSOFT'97 [6] . It grew out from some initial results presented by the authors at the 1994 meeting in Rennes of the EEC project MASK (Mathematical Structures for Concurrency).
Stone spaces and SFP domains
In this section we recall some notations, definitions and basic facts about Stone spaces and SFP domains (see e.g. [22, 11, 4, 24] for more details). Both kinds of objects are finitary in the sense that they can be obtained as limits of sequences of finite objects in the corresponding categories.
Topological spaces and Stone spaces
A topological space will be denoted by´X Ω´Xµµ where X is the underlying set and Ω´Xµ the topology, or simply by X when the topology is clear from the context. The category of topological spaces and continuous functions will be denoted by ÌÓÔ.
Let X n f n n be an inverse sequence in ÌÓÔ, i.e., a sequence X 0 f 0 X 1 f 1 X 2 of topological spaces and continuous functions. The (inverse) limit of X n f n n , denoted by lim X n f n n , is the categorical limit of the sequence. It can be characterized as the set X ´x n µ n ¾ Π n X n : n 0 f n´xn·1 µ x n , considered as a subspace of the product Π n X n , together with the obvious projections π n : X X n .
DEFINITION 1 (2-STONE SPACES) A 2-Stone space is a compact, Hausdorff space with a countable basis of clopen sets. We denote by ¾-ËØÓÒ the full subcategory of ÌÓÔ consisting of 2-Stone spaces.
The following proposition recalls some alternative characterizations of 2-Stone spaces which will be useful in the sequel.
PROPOSITION 2 Let´X
Ω´Xµµ be a topological space. The following are equivalent:
1.´X Ω´Xµµ is a 2-Stone space;
2.´X Ω´Xµµ lim ´X n Ω´X n µµ f n n´Xn finite, Ω´X n µ discrete topologyµ; 3.´X Ω´Xµµ is compact and ultrametrizable with d : X ¢X 0 2 n : n ¾ AE n .
Partial orders, CPO's and SFP's
A complete partial order (or CPO i n j n . The (direct) limit of D n p n n , denoted by lim D n p n n , is the categorical colimit of the sequence. It can be characterized as the set D ´d n µ n ¾ Π n D n : n 0 j n´xn·1 µ x n , endowed with the pointwise order, together with the canonical ep-pairs γ n : D n D. Typically, we will denote by i n and j n the components of each ep-pair p n and by γ n α n β n the canonical ep-pair from each D n into the direct limit. Moreover, for n m ¾ AE we will write p n n·k for the ep-pair p n·k 1 AE AE p n : D n D n·k with components i n n·k and j n n·k . For k 0 it is intended that p n n represent the identity pair. 
The following lemma shows that when restricted to the space of maximal elements of a 2 3 SFP, the Scott and Lawson topologies coincide, or, according to the terminology of [19] , every 2/3 SFP is coherent at the top. A similar proof is used in [17] (Lemma 3.1) to show that bounded and directed complete ω-continuous CPO's are coherent at the top. Both results can be seen as a consequence of Corollary 3.4 in [18] , where it is shown that coherence at the top holds of any ω-continuous CPO for which the Lawson topology is compact. Indeed, the explicit proof provided here essentially relies on the fact that, by the 2 3 SFP theorem (see [22] 
there exists a chain´a n µ n of compact elements such that x n a n . We state that Å Ü´ a n µ Å Ü´´ aµ c µ for some n. In fact, suppose by contradiction that for every n there exists y n ¾ Å Ü´ a n µ Å Ü´ aµ. Since D is a 2 3 SFP, the Lawson topology is compact. Thus´y n µ n admits a converging subsequence´y n k µ k , whose limit y must be in a, since a is Lawson closed. Now,´a n k µ k is a chain, hence a n k Ú a n h Ú y n h for all h k and thus, since a n k is Lawson closed, a n k Ú y for all k. Thus k a n k x Ú y. By maximality of x we have that x y, contradicting y ¾ a. Summing up, for each x ¾ Å Ü´´ aµ c µ there exists a compact element b Ú x such that
The next proposition will be used to prove that, when dealing with a direct limit in Ë È ep , certain properties of compact elements can be tested at a finite level. Then:
The category Ë È

M
In this section we introduce the category Ë È M , a subcategory of Ë È ep which provides domainmodels, exactly, for the class of 2-Stone spaces. Objects in Ë È M are defined as special direct limits in Ë È ep , but we provide also an "intrinsic" characterization of Ë È M and a characterization in terms of retractions. Besides sheding some light on the structure of Ë È M domains, such characterizations will be helpful in the next section to prove some interesting closure properties of Ë È M .
Definition of Ë È
M
A first basic observation which guides us to the definition of the category Ë È M is a direct consequence of Lemma 5.
is a Hausdorff space, with a countable basis of clopen sets.
By the above result, if the maximal space of an SFP is not a 2-Stone space the only possible reason is the lack of compactness. Indeed, not all SFP's have a compact maximal space. For instance AE is clearly an SFP and the space of maximal elements´Å Ü´AE µ S AE µ is a discrete infinite space, hence it is not compact.
We will show that a sufficient, although not necessary (see Subsection 2.5), condition on D which ensures the compactness of Å Ü´Dµ is the existence of a directed sequence of finite posets with limit D, where projections preserve maximal elements. For a sufficient and necessary condition the reader is referred to Section 6. First we need the following definition. 
DEFINITION 8 (M-PAIR)
then by maximality of x n we have x n y n for all n and thus x y.
(µ) Let x ´x n µ n ¾ Å Ü´Dµ and, for all n, let y n ¾ Å Ü´D n µ such that x n Ú y n . We build, for all k, a sequence z´k µ ¾ Π n Å Ü´D n µ whose components´z´k µ µ n ¾ Å Ü´D n µ are defined as follows:´z´k
Notice that, by definition of M-pair, j n k´yk µ is maximal in D k . Furthermore j n 1´Å Ü´D n µµ Å Ü´D n 1 µ and thus j 1 n 1´´z´k µ µ n 1 µ Å Ü´D n µ is not empty. By hypothesis each Å Ü´D n µ is compact and thus, by the Tychonoff Theorem, Π n Å Ü´D n µ, with the product topology, is compact. Therefore z´k µ admits a subsequence z´k m µ converging to
Let γ n α n β n be the canonical ep-pair from each D n into the direct limit D. 
¾
Observe that the domain-model D X defined in the proof above contains only elements corresponding to a system of disjoint clopen sets. However it is not a "minimal" domain-model. In fact, a "minimal" domain-model does not exist, in general, since we can always remove in the tree "branches" of level less than n for a fixed n.
An intrinsic characterization of Ë È
M
We give now an "intrinsic" characterization of Ë È M objects in terms of an order-theoretic property, that amounts, basically, to a "compactness" requirement. This will be essential later in proving the closure of Ë È M with respect to direct limits. In the sequel we will write A fin B to mean that A is a finite subset of B. 
DEFINITION 13 (M-CONDITION)
In order to show that Ë È M objects are exactly those SFP's which satisfy the M-condition we proceed as follows. First we prove that the M-condition is preserved under direct limits. Then, noticing that every finite CPO satisfies the M-condition, we can conclude that each Ë È M object satisfies the M-condition. For the converse, given an SFP satisfying the M-condition, we explicitly show how it can be obtained as direct limit of a directed sequence of finite CPO's and M-pairs. We show that v α n´vn µ is the finite set of compact elements required by the M-condition.
In fact, clearly, u v. Moreover, Å Ü´U £´v µµ Ú s Å Ü´Dµ. In fact, let x ¾ Å Ü´Dµ. By Theorem 12, each Å Ü´D n µ is compact, and thus, by Lemma 10, β n´x µ ¾ Å Ü´D n µ. Hence, by construction, there exists a n ¾ Å Ü´U £´v n µµ such that a n Ú β n´x µ. By Proposition 6. (2),
Proof . (µ) Let D be an Ë È M object; hence D is the limit of a directed sequence D n p n n of finite CPO's and M-pairs. Since each D n is finite, it is trivially an Ë È M object and it satisfies the M-condition. Thus, by Lemma 14, also D satisfies the M-condition.
(´) Let D be an SFP that satisfies the M-condition and let a 0´ µ a 1 a 2 be an enumeration of its compact elements. Define inductively a sequence´D n µ n of finite subspaces of D as follows:
for all n ¾ AE,
v n and Å Ü´U £´v
. One can easily check that p n is a well defined ep-pair. In particular, from the fact that ¾ D n , using the definition of U, it follows that for d n·1 ¾ D n·1 , the set x ¾ D n : x Ú d n·1 is nonempty and directed.
is such unique d n and thus p n is indeed an M-pair. Finally for each n we define an ep-pair α n β n : D n D:
One can easily check that D α n β n n is a cocone for the directed sequence D n p n n , and it 
A characterization of Ë È M based on retractions
Finally, we provide a characterization of Ë È M objects in terms of retractions. More precisely we characterize such domains as those SFP domains having a finitely branching finitary tree as continuous retract via a special kind of M-pair. Intuitively, since an Ë È M object is the limit of a directed sequence where projections preserve maximality of points, a maximal point added in certain approximation must dominate a single maximal point of the previous approximation. Hence the set of maximal elements of every approximation, endowed with the induced order, forms a finitely branching finitary tree. The retraction projects each point x of the original domain to the greatest element dominated by x in the tree. This result will be used in Section 5 to prove that any continuous function between 2-Stone spaces extends to a continuous function between any Ë È M domain-models of such spaces. We first prove that for all and only the Ë È M objects it is possible to single out a special subset of the compact elements, called a skeleton, which is a finitely branching finitary tree. Then (the completion of) each skeleton is shown to be a retract of the original domain via an M-pair which restricts to a homeomorphism between the maximal spaces. Conversely, any SFP which can be projected over a (completed) finitely branching finitary tree via a retraction of this kind is shown to have a skeleton, and thus to be an Ë È M object. Before introducing the notion of skeleton, we fix the notation. A tree is a poset T where compatible elements are totally ordered, i.e., for any a a ¼ ¾ T , if a and a ¼ are compatible, written Ã´dµ. The next proposition shows that a skeleton contains enough information to "reconstruct" the maximal elements of the original space. Proof . Let x ¾ Å Ü´Dµ. By ω-algebraicity of D, there exists a chain´a n µ n in Ã´Dµ such that d n a n and by definition of skeleton, for any n, there is b n ¾ ËÃ´Dµ such that a n Ú b n .
tree T is called finitary if for any a ¾ T , a is finite, and finitely branching if for any
Since ËÃ´Dµ is a finitely branching finitary tree, the sequence´b n µ n surely includes a chaiń b n k µ k . Taking its least upper bound, we obtain x Ú k b n k , and thus, by maximality of x, Finally, to see that ËÃ´Dµ is finitely branching, take a ¾ Ã´Dµ and consider I n ¾ AE :
Otherwise, taking n 0 min I, we have that ËÙ´aµ ´ aµ Å Ü´D n 0 µ, which is clearly finite. 
Å Ü´ dµ is compact (it is a closed subset of Å Ü´Dµ, which is compact by Proposition 17) we conclude the existence of finite subset
We are now able to show that D is an Ë È M by proving that it satisfies the M-condition.
Given u f in Ã´Dµ, by the property just proved and the finiteness of U £´u µ, there exists k ¾ AE
Then it easy to see that the set v required by the M-condition can be defined as v M k℄ U £´u µ.
In fact it can be checked that U £´v µ v. Thus Å Ü´U £´v µµ M k℄ and clearly M k℄ Ú s Å Ü´Dµ. ¾
Notice that the tree of balls of a 2-Stone space, as constructed in the proof of Theorem 12, is a domain-model of X which can be taken as the skeleton of itself.
Let D be an Ë È M object and let ËÃ´Dµ be any of its skeletons. We write ËÃ´Dµ to denote the completion of ËÃ´Dµ, i.e., ËÃ´Dµ Á Ð´ËÃ´Dµµ. Notice that since ËÃ´Dµ is a (countable) tree an ideal x in ËÃ´Dµ is a (ω-)chain. Therefore the ideal completion can be thought of as obtained by adding a limit point to each maximal (infinite) branch. Our aim is now to prove that it is possible to project continuously D onto ËÃ´Dµ via a function which "preserves" maximality of points and which restricts to an homeomorphism between the maximal spaces. We first introduce the corresponding class of M-pairs. 
Also j D is continuous. In fact, given a chain´d n µ n in D, we have
To justify the last equality observe that if a ¾ ËÃ´ n d n µ, namely a ¾ ËÃ´Dµ and a Ú n d n , then, by compactness of a, there exists n such that a Ú d n ; thus a ¾ ËÃ´d n µ. This proves that 
Ë È M does not include all SFP's with a compact maximal space
As we mentioned earlier, the category Ë È M does not contain all SFP's that model 2-Stone spaces. Consider for instance the functor · £ over Ë È ep defined as follows:
where for each x y £, x Ú £ y if and only if Fig. 1 ) has a 2-Stone maximal space. In fact, since each compact element of Z has a finite number of successors, it is easy to see that for any sequence´x n µ n in Å Ü´Zµ there exists a chain´a n µ n in Z such that for any n, a n contains infinitely many elements of the sequence´x n µ n and the least upper bound x n a n is a maximal element in Z. Thus there exists a subsequence of´x n µ n converging to x. However, by resorting to Theorem 21 one can prove that Z is not in Ë È Hence, since f´Dµ ³ T is a tree, for any x ¾ Å Ü´Ã´Dµµ one of the two immediate predecessors l x and r x of x (see Fig. 1 ) must be mapped to a strictly smaller element, i.e. f´l x µ l x or f´r x µ r x . It is not difficult to see that this fact implies the presence of a chain´d n µ n in D such that Ø n d n ¾ Å Ü´Dµ, but, such that for each n, f´d n µ and thus by continuity f´Ø n d n µ .
But this is absurd since f should be the identity on the maximal space. In Section 6 we will come back to this issue, showing that a precise characterization of the SFP's having a 2-Stone maximal space can be given in term of retracts of Ë È M objects.
Closure properties of Ë È M
In this section we show that the category Ë È M is closed under direct limits as well as under a significant family of constructors, obtained from projections, constants, lifting, product, (coalesced) sum, Plotkin powerdomain by composition and minimalization. The function space constructor is instead very problematic. See Section 8 for a brief discussion of this issue.
Closure under direct limits
The closure of category Ë È M under direct limits is easily proved by resorting to the intrinsic characterization of Ë È M objects given in Theorem 15. 
¾
Since the direct limit of a directed sequence D n p n n computed Ë È ep or in Ë È M is the same, in the following we will not specify in which category we are taking the limit. Eµ is the arrow induced by the universal property of the direct limit construction (see Fig. 2 ). It is a standard result that this functor is well defined in Ë È ep [4] . To prove that the constructors in F are functorial over Ë È M we first show that they preserve the property of being an M-pair. Then, using the characterization of the Ë È M objects as direct limits and the closure of Ë È M under direct limits, we will be able to conclude the desired result. We will see that when considering the coalesced sum¨we have to restrict to the subcategory of Ë È M consisting of non-trivial SFP's (i.e., the category without initial object 1). Hence, from now on when considering a functor F¨F ¼ in F it will be understood that F and F ¼ do not include 1 in their images and, by abuse of notation, we will continue to denote such restricted class of constructors by F .
Closure under constructors
To deal with the case of the Plotkin powerdomain we need a preliminary technical lemma which provides a characterization of Å Ü´P Pl´D µµ for an Ë È M object D. We are now ready to prove that the constructors in F preserve M-pairs.
LEMMA 26 For any F ¾ F´n µ , if D and E are n-tuples of Ë È M objects and p : D E is an n-tuple of M-pairs, then F´ pµ : F´ Dµ F´ Eµ is an M-pair.
Proof . Let D and E be n-tuples of Ë È M objects and let p : D E be an n-tuple of M-pairs. The proof that F´ pµ is an M-pair proceeds by induction on the structure of F.
The cases in which F is a constant functor or a projection are trivial. For the cases of´Fµ , Figure 3 : Coalesced sum is not functorial over Ë È M (dotted arrows represent projections).
using the induction hypothesis and noticing that for all Ë È Fig. 3 , where dotted arrows represent the projection components of the corresponding eppairs: the coalesced sum of the two M-pairs produce an ep-pair which maps a maximal point in D ¼¨E¼ to a non maximal point (the bottom) in D¨E.
To conclude that the constructors in F are functorial over Ë È M it remains only to show that they map Ë È M objects into Ë È M objects. This will follow easily from the general result below.
be a locally continuous functor which preserves M-pairs and finiteness of domains (i.e. F´ Dµ is finite for any n-tuple D of finite SFP's). If D is an n-tuple of Ë È
M objects, then also F´ Dµ is an Ë È M object.
Proof . Let D D´1
µ D´n µ be an n-tuple of Ë È M objects. By definition each D´i µ is the limit of a directed sequence of finite CPO's and M-pairs, i.e. D´i 
Relating Ë È M to ¾-ËØÓÒ
We have already shown that the category Ë È M provides domain-models exactly for 2-Stone spaces. In this section we establish a more structural relation between the categories Ë È It is straightforward to check that Å is well-defined. Moreover, as shown below, it is ω-continuous, in the sense that it maps the direct limit of a directed sequence to the inverse limit of the image of the sequence.
Proof . Let us first note that lim Å ´D n µ Å ´p n µ n and Å ´Dµ contain exactly the same points. In fact, let p n i n j n for all n ¾ AE. Then x ´x n µ n ¾ Å ´Dμ n ´x n ¾ Å ´D n µ x n j n´xn·1 µµ [by Lemma 10] n ´x n ¾ Å ´D n µ x n Å ´p n µ´x n·1 µμ x ¾ lim Å ´D n µ Å ´p n µ n We denote by π i : lim Å ´D n µ Å ´p n µ n Å ´D i µ the projection over the i-th component. A basis for the topology of Å ´D i µ is given by Å Ü´ a i µ : a i ¾ Ã´D i µ , and thus a subbasis for lim Å ´D n µ Å ´p n µ n is given by the sets π 1 i´Å Ü´ a i µµ with a i ¾ Ã´D i µ and i ¾ AE. Now we have:
By the characterization of compact elements of the direct limit given in Proposition 6, we immediately conclude that the two topologies coincide. Hence Å ´Dµ and lim Å ´D n µ Å ´p n µ n are the same space. Notice that when F G, the functor F can be viewed, so to speak, as a possible "higher order" domain-model for G.
The next definition provides an inductive translation of constructors F in F to constructors F over ¾-ËØÓÒ . In the rest of this section we will show that each F in F models the "corresponding" constructor F over ¾-ËØÓÒ . Roughly speaking, the translation leaves the "structural" constructors unchanged and maps´ µ , ¢, · (or¨) and P Pl in Ë È M into the "corresponding" constructors Id (identity), ¢ (product), ℄ (disjoint union) and P nco (hyperspace of non-empty compact subsets) in ¾-ËØÓÒ . Recall that the space P nco´X µ is defined as the set To prove that for each F ¾ F , the constructor F over Ë È M models the constructor F over ¾-ËØÓÒ , we first observe that the functor Å "commutes" for such constructors in the sense that the 2-Stone spaces Å ´F´ Dµµ and F´Å ´ Dµµ are homeomorphic; actually they are the same space if we adopt the usual concrete constructions for´¡µ , ¢, ·,¨, P Pl and the direct/inverse limit. Then we will conclude simply observing that the identity is a natural isomorphism between F AE´Å Å µ and Å AEF.
We start with a preliminary lemma which shows that Å is "compositional" with respect to the basic constructors´¡µ , ¢, ·,¨and P Pl .
LEMMA 34 Let D, D 1 and D 2 be Ë È M objects. Then
Å ´P Pl´D µµ P nco´Å ´Dµµ;
Proof . 
Å Ü´D 1 µ ℄Å Ü´D 2 µµ which is also a basis for Å ´D 1 µ ℄Å ´D 2 µ.
4. The proof is analogous to that for (3).
5.
As above we first notice that Å Ü´P Pl´D µµ P nco´Å Ü´Dµµ. In fact, by Lemma 25, the maximal elements of P Pl´D µ are non-empty Lawson closed subsets of Å Ü´Dµ. These are the compact non-empty subsets of Å ´Dµ, since, by Theorem 12, the Lawson and the Scott topologies coincide on Å Ü´Dµ (which is compact).
Let us consider the topologies. The space Å ´P Pl´D µµ is equipped with the induced Scott topology and thus a basis is given by the sets Å Ü´ Xµ, with X ¾ Ã´P Pl´D µµ. Recall that X ¾ Ã´P Pl´D µµ iff X Con´uµ, where u f in Ã´Dµ. It is easy to show that for any such X we have:
Thus a basis for Å ´P Pl´D µµ is given by
Å Ü´ uµ u f in Ã´Dµ
On the other hand, a basis for Å ´Dµ is Å Ü´ aµ : a ¾ Ã´Dµ . Since Å Ü´ a 1 µ Å Ü´ a n µ Å Ü´ a 1 a n µ, a subbasis for the Vietoris topology of P nco´Å ´Dµµ is given by the sets
Let Å Ü´ uµ, where u f in Ã´Dµ be an element of the basis of the first topology and let
hence Å Ü´ uµ is an open set of the second topology.
As to the converse, an element of the subbasis of the second topology can be either
a Ú em Y Å Ü´ a µ where u f in Ã´Dµ and a ¾ Ã´Dµ. In both cases we conclude that the sets are open in the first topology. Therefore the two topologies coincide.
¾
We can now extend the compositionality of Å to the whole family F . In the sequel, given an n-tuple of domains D D 1 D n we will often write Å ´ Dµ as a short for Å ´D 1 µ Å ´D n µ. Finally, for the case of µ F, recall that µ F´ Dµ lim E k r k k , where E 0 1 and E k·1 F´E k Dµ. Therefore
On the other hand, µ F´Å ´ Dµµ µ F´Å ´ Dµµ is given by the inverse limit lim X k f k k , where X 0 1 is the final object in ¾-ËØÓÒ and X k·1 F´X k Å ´ Dµµ. Now, by exploiting the induction hypothesis, one can prove that, for any k, Å ´E k µ X k and Å ´r k µ f k . Hence we conclude that Å ´µ F´ Dµµ µ F´Å ´ Dµµ. 
we have:
Hence,
F · Gµ,´F¨Gµ,´P Pl´F µµ: Same proof as above.
´µ Fµ: "Apply" the functor Å to the diagram in Fig. 2 which defines µ F´ pµ. By induction hypothesis and ω-continuity of Å (Theorem 31) we obtain the diagram for µ F´Å ´ pµµ. Since µ F´Å ´ pµµ is defined using the universal property of the limit construction, it is easy to conclude that the equality Å ´µ F´ pµµ µ F´Å ´ pµµ holds.
Relating solutions of domain equations in Ë È
M and ¾-ËØÓÒ
Since T E is a tree, the function f ¼ easily extends to a continuous function
defined by f ¼¼´a µ f ¼´x µ : x ¾ Å Ü´ aµ for a ¾ Ã´Dµ, and extended by continuity to the non compact points. Now, by using again the IM-pair i E j E we can obtain g i E AE f ¼¼ which is the desired function, namely it is continuous and it coincides with f on the maximal elements. 
Retracts of Ë È M objects
In this section we investigate the possibility of extending the theory developed so far to take into account retracts of 2-Stone spaces and retracts of Ë È M objects. This will lead us to a characterization of the SFP's with a 2-Stone maximal space, called here CSFP's. All the previous results extend to the corresponding category Ë È Å of CSFP's and M-pairs, which has Ë È M as a full subcategory. The category Ë È Å is closed under direct limits and under the constructors in F . Moreover, the functor Å extends to a well-defined ω-continuous functor over Ë È Å , compositional with respect to the constructors in F .
We notice first that while a continuous retract of a 2-Stone space is still a 2-Stone space, in general the continuous retract of an Ë È M object is not an Ë È M object and it might have a noncompact maximal space. For instance, it is easy to see that AE is a retract of AE lazy via an ep-pair. We will prove that it is always possible to turn a CSFP into an Ë È M object Ë Ø´Dµ, called the saturation of D, by suitably enriching its set of compact elements. Then we will show that D is a retract of Ë Ø´Dµ via an IM-pair, and thus that the CSFP's are exactly the class of retracts of Ë È M objects via M-pairs. In the sequel, given a topological space´X Ω´Xµµ, we will write KΩ ne´X Ω´Xµµ to denote the set of non-empty compact open subsets of X. Using the characterization of the CSFP's given in Theorem 40, it is not difficult to verify that Ë È Å can replace Ë È M as category of compositional models for 2-Stone spaces, i.e., the following facts hold:
DEFINITION 38 (SATURATION)
LetË C ¼ :´c ¼ C ¼ µ ¾ U £´u µ ´c Cµ ´c ¼ C ¼ µ . Let v U £´u
¯Ë È Å is closed under direct limits.
In fact the maximal space of a direct limit in Ë È Å is the inverse limit of the maximal spaces of the domains in the sequence (this result relies essentially on Lemma 10, which uses only the compactness of the maximal spaces of the domains in the sequence).
Ë È Å is closed under the constructors in F . This follows immediately by recalling that the constructors in F preserves M-pairs (see Lemma 26) . Then, for instance, let F ¾ F be a unary constructor and let D be a Ë È Å We conclude this section by observing that the result on function extendability of Section 5 does not fit nicely with the notion of retract. In fact, note that a retraction between the maximal spaces of two domains does not extend, in general, to a retraction between the original SFP's. It suffices to take D 1 and E 2 and the unique function between the maximal spaces. However, given two 2-Stone spaces X and Y , such that Y is a continuous retract of X via the functions i j : Y X we can always find in Ë È M two domain-models D and E of X and Y , respectively, such that i j extends to a retraction between D and E. In fact, observe that, for any 2-Stone space X, the poset Á Ð´´KΩ ne´X µ µµ, which is isomorphic to the set of nonempty compact subsets of X ordered by reverse subset inclusion, is a Scott domain (and thus an Ë È M object). Therefore one can take D Á Ð´´KΩ ne´X µ µµ, E Á Ð´´KΩ ne´Y µ µµ, and the obvious extensions i £ and j £ of i and j, respectively, to sets, e.g., i £ : D E defined by i £´A µ i´aµ : a ¾ A for any A ¾ KΩ ne´X µ.
Domain equations for finitary hypersets
In this section we utilize the machinery developed so far to the study of the metric domain of finitary hypersets, i. Using the results in Section 4, we can show in fact that there is a plethora of domain equations whose initial solutions provide a domain-model for the hyperuniverse N ω , e.g., X ³ 2P
Pl´X µµ or X ³ 1 · P Pl´´X µ µ, etc. More generally, for any Ë È M object D 0 such that U Å ´D 0 µ is a finite discrete space, the initial solutions of the equations X ³´D 0 · P Pl´X µµ, X ³´D 0¨PPl´X µµ (if D 0 has at least two points), etc. are domain-models for the hyperuniverse N ω´U µ (see [15] for a definition of N ω´U µ).
Non-isomorphism result
In the light of the above considerations, the natural question arises as to whether the domainmodels M and A of N ω , obtained as solutions of the equations´ Õ½µ and´ Õ¾µ, are isomorphic. This question was first raised as open problem in [20] . In this section we provide a negative answer to it. It is now immediate to conclude that the domains M and A are not isomorphic.
¾
Once we have established that there is a plethora of domain equations providing (possibly non-isomorphic) domain-models of N ω we are left with the problem of determining which of these is the most appropriate. What extra properties do such domain models satisfy?
In the work of Mislove, Moss and Oles [20] the domain-model of N ω , i.e., of the (closure of the space of) hereditarily finite non-well founded sets, is constructed as follows. The key observation is that the class HF of hereditarily finite well-founded sets is the initial set algebra in Ë Ø, namely the initial algebra of the signature comprising the constant e (empty set), the unary function symbol s (singleton) and the binary function symbol · (union). The domain M , proposed as domain-model of N ω , is then characterized as the initial continuous set algebra and it is proved to be solution of the equation´ Õ½µ.
On the other hand, the domain equation´ Õ¾µ was introduced by Abramsky [3] for the language SCCS. More precisely, if T Σ is the class of SCCS terms and Â¡Ã : T Σ A is the denotational mapping then for each t t ¼ ¾ T Σ t º t ¼ iff ÂtÃ Ú Ât ¼ Ã where º denotes the partial bisimulation relation over SCCS terms. Furthermore, the (recursion free) SCCS terms are shown to provide a notation for the compact elements of A, thus ensuring also a full completeness result.
One could wonder if it is possible to define a different notion of set algebra (by changing the signature and/or the equations) which makes domain A an initial continuous algebra. This could shed some more light on the interpretation of the points of the domain A as "partial sets", as it happens for domain M in [20] , where a concrete construction of such domain, based on the idea of murky (partially specified) set, provides an intuitive meaning for the non-total points of the domain. On the other hand one could ask if it is possible to modify the language SCCS and its semantics in order to obtain a fully abstract and complete interpretation of the language in the domain M . More work is necessary to settle these questions.
Final remarks
Given an SFP D, the space Å ´Dµ is a Hausdorff space with a countable basis of clopen sets. One can ask whether Theorem 36 can be extended to Ë È ep and QStone, the category of zero dimensional Hausdorff spaces and continuous functions. The answer is negative, since there is no functor which models the Plotkin powerdomain constructor when we drop the compactness condition. Let D 1 AE , D 2 AE · AE . Both Å Ü´D 1 µ and Å Ü´D 2 µ are homeomorphic to AE endowed with the discrete topology. But Å Ü´P Pl´D1 µµ is not homeomorphic to Å Ü´P Pl´D2 µµ since the former has only one limit point, while the latter has more than one. In fact, in Å Ü´P Pl´D1 µµ there is a unique infinite set, namely D 1 itself, while Å Ü´P Pl´D2 µµ contains infinitely many infinite elements.
It would be interesting to extend the results of Section 4 so as to comprise also the function space constructor. Unfortunately ¾-ËØÓÒ is not cartesian closed, in that the space of continuous functions between two 2-Stone spaces endowed with the compact open topology (the unique splitting and conjoining topology), in general, is not compact. One could then try to look at least for the existence of some functor over QStone modeling the function space constructor over SFP. But even this is hopeless (also restricting to the covariant function space constructor).
First of all maximal functions between SFP's do not necessarily map maximal elements into maximal elements, and thus they do not induce in a natural way functions between the spaces of maximal points. Consider, for instance, the domains AE lazy and Bool tt ff and take the continuous function parity : AE lazy Bool (defined in the obvious way). It is a maximal element in AE lazy Bool℄, but it does not map the maximal point ω ¾ AE lazy to a maximal element of
Bool.
But furthermore, function spaces of SFP's with the same space of maximal elements, can have non-homeomorphic maximal spaces. Consider, for instance, and thus Å Ü´ Bool E℄µ is an infinite discrete space and hence it is not compact. This latter example shows also, explicitly, that Ë È M is not closed w.r.t the function space constructor.
